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Abstract. Let A1 = Aig^k denote the space of properly (Alexandrov) embedded constant mean 
curvature (CMC) surfaces of genus g with k (labeled) ends, modulo rigid motions, endowed with the 
real analytic structure described in |]l5[]. Let V — Vg^k = T^g,k x ^+ be the space of parabolic 
structures over Riemann surfaces of genus g with k (marked) punctures, the real analytic structure 
coming from the 3g — 3 + k local complex analytic coordinates on the Riemann moduli space TZg^k- 
Then the parabolic classifying map, $ : 7W — > T', which assigns to a CMC surface its induced 
conformal structure and asymptotic necksizes, is a proper, real analytic map. It follows that $ is 
closed and in particular has closed image. For genus g — 0, this can be used to show that every 
conformal type of multiply punctured Riemann sphere occurs as a CMC surface, and — under a 
nondegeneracy hypothesis — that $ has a well defined (mod 2) degree. This degree vanishes, so 
generically an even number of CMC surfaces realize any given conformal structure and asymptotic 
necksizes (compare w\ m for the case k — Z). 



Introduction 

Besides their beauty and variety, perhaps the most important reason minimal surfaces have been 
so thoroughly investigated is because they can be conformally parametrized via holomorphic func- 
tions of a complex variable, a long-familiar tool to many mathematicians. This representation 
theory was worked out by Enneper and Weierstrass in the middle of the 19th century, leading to 
important local results and interesting periodic examples. But not until the 1960s did Osserman 
prepare the way for a global theory by showing that a complete minimal surface with finite 
total curvature is conformally parametrized by meromorphic data on a finitely punctured, finite 
genus Riemann surface. The global Enneper- Weierstrass representation enables one to employ 
algebro-geometric methods from the theory of complex curves to study such minimal surfaces. 
Over the past two decades it has been used in conjunction with analytic methods by a number of 
authors — many represented in this volume — to prove deep and striking results about properly 
embedded minimal surfaces of finite total curvature or finite topology (finite genus and a finite 
number of ends). 

By contrast, the theory of properly embedded surfaces with nonzero constant mean curvature 
(CMC) has developed more recently and without the benefit of these holomorphic methods. Indeed, 
more than a century elapsed between Delaunay's classification [|5|] of the CMC rotation surfaces 
(two ends, genus zero) and Alexandrov's [|T]] proof that the only compact (zero ends) CMC surface 
is the round sphere. Only in the past decade have interesting noncompact examples (with three or 
more ends) of complete CMC surfaces been constructed by Kapouleas [pTj], using difficult analytic 
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methods. At about the same time, the first steps toward a global theory of these surfaces were 
taken by Meeks and by Korevaar, Kusner and Solomon: they found topological obstructions to the 
existence of CMC surfaces with finite topology — none have one end (jTSj], two-ended surfaces are 
Delaunay unduloids [ p^ — and developed an asymptotic theory for these surfaces. In fact the 
fundamental result of is that each (annular) end of a CMC surface has an unduloid asymptote. 
An immediate consequence is that a finite topology CMC surface can be conformally parametrized 
by a finitely punctured Riemann surface of finite genus. 




Figure 1 . Equilateral triunduloid and tetrunduloid (images by Nick Schmitt, GANG) 

Of course, this raises the question: Can such a global conformal parametrization be made ex- 
plicit enough to prove something new, or at least to experiment with CMC surfaces using a com- 
puter? Recently at GANG in Amherst (see Figure 1, and www . gang . umass . edu), Schmitt has 
taken up this question. He adapted a loop-group analogue of the Enneper-Weierstrass represen- 
tation — dubbed the DPW representation after its discoverers, Dorfmeister, Pedit and Wu — 
to construct, in terms of explicit meromorphic data on a punctured Riemann surface, conformal 
immersions of finite topology constant mean curvature surfaces whose ends are asymptotically 
Delaunay unduloids (or nodoids) [ |T2| , |23| ]. This approach is still under development, and little is 
known about how to prove the examples it constructs have the symmetries or embeddedness prop- 
erties required. Nevertheless, it appears to recapture the results of GroBe-Brauckmann, Kusner and 
Sullivan |8p about the space of all three-ended CMC surfaces of genus zero, the triunduloids . 

Our classification of triunduloids made use of transcendental methods, relying heavily on the 
real analytic variety structure of CMC moduli space developed by Kusner, Mazzeo, and Pollack 
[[T5|], as well as the compactness results of Korevaar and Kusner [p3|]. The present paper also 
uses these transcendental methods, and was motivated by a desire to weave these together with the 
holomorphic methods arising from the DPW representation to gain a better picture of CMC moduli 
spaces. Because there is some overlap in these results with those of Mazzeo, Pacard and Pollack, 
here an effort is made to focus on what is complementary; the reader is encouraged to refer to their 
nice paper [[1^], as well as to [|Sp, for additional background and related material. 
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1. Background on the cmc moduli space 

Let = A4g,k be the moduli space of all CMC surfaces of genus g with k (labeled) ends, 
modulo rigid motions. Here, as usual, we scale the mean curvature to be 1, and include in Ai 
not only the embedded surfaces, but also those which are immersed in the sense of Alexandrov: 
these are boundaries of immersed 3-dimensional domains (compare [0, ^ |14|]). Some of the results 
mentioned in the introduction can then be expressed in terms of 7V1 as follows: 

• Aiofl is a point, represented by any unit sphere, and Aig^ is empty for all 51 > [|l]]; 

• A4g,i is empty for every g (jT^]; 

• A1o,2 consists of the unduloids (up to rigid motion), but Aig^2 is empty for all g > [|T^; 

• -Mg^k is nonempty for every g > 0, k > 2 [ PT] | — for example, A^o,3 is a 3-ball [Q, |^]; 



• A4g^k is a real analytic variety of (virtual) dimension 3A; — 6, for k > 2 [[TS]]. 

To understand this real analytic structure on it will be useful to introduce the pre-moduli 
space M., that is, the space of CMC surfaces before dividing by rigid motions. We also let U = 
7Wo,2 denote the pre-moduli space of all unduloids. The discussion below will describe the real 
analytic variety structure on Ai in terms of an explicit real analytic manifold structure on U, in 
order to demonstrate the following (almost tautological) result: 

Proposition 1.1. The map Aig^k — * which assigns a CMC surface its k unduloid asymptotes is 
real analytic, and is equivariant with respect the actions of rigid motions. Moreover, there is a real 
analytic necksize function s : U IR+, taking values in (0,1]. It is invariant under rigid motions, 
and so gives rise to a real analytic asymptotic necksize map (si, . . . ,Sk) : Aig^k — ^ 1^+, taking 
values in (0, 1]'^. 

Proof The equivariance is clear when we take the diagonal action by rigid motions on the fc-fold 
product U'': as a CMC surface undergoes a rigid motion, each unduloid asymptote undergoes the 
same motion. Furthermore, once s is defined, it should be clear that (si, . . . , Sk) is defined by 
composition with the asymptotes map and passage to the quotient by rigid motions. 

Recall that an unduloid | J14| J is a periodic CMC surface of revolution determined by its axis, its 
neckphase — where along the axis it is nearest the axis — and its necksize. (Of course, modulo 
rigid motions, an unduloid is specified by its necksize alone.) So the space U is naturally a fiber 
bundle over the space TS^ of (oriented) lines in M^. The base space TS^ has a natural analytic 
structure as a homogeneous space for the group of rigid motions. The total space U will then be 
expressed as a 6-dimensional real analytic manifold provided an analytic manifold structure can 
be exhibited on the typical fiber V, consisting of all unduloids with a fixed, oriented axis (the two 
ends of the unduloid are labeled according to the axis orientation). 
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Observe that V is topologically an open disk, with necksize and neckphase as polar coordinates. 
The cylinder, whose the necksize is maximal and whose neckphase is not well defined, is at the 
center of V, fixed under rotation (neckphase-shift). The boundary of V corresponds to the zero 
necksize limits of unduloids — chains of spheres along the given axis. The natural analytic struc- 
ture on V comes from its (locally homogeneous) realization as an open subset of the unit sphere 
indeed as — [p] for a single point p. 

This spherical picture of V also played a key role in [|Sp, leading to a natural interpretation of 
necksize — there referring to the length of the shortest nontrivial loop on an unduloid — as the 
spherical distance n between p and another point g G P = — {p}. Unfortunately, n is not an 
analytic coordinate onV: at the cylinder (corresponding to q antipodal to p) the function n is only 
Lipshitz. This will be remedied by reinterpreting necksize here to mean s = |(1 — cos n). 

Although s may seem geometrically less natural than n, it turns out to be more natural in other 
ways. For example, being a height function on in the direction p, it is symplectically dual to 
neckphase (angle around p) for the homogeneous symplectic structure on S^. For the present paper, 
however, the important point is that s is analytic with respect to the natural (locally homogeneous) 
analytic structure on U, and has the invariance properties and range indicated in the statement of 
the proposition. In fact, we could have equally well used the weight or force [ [T4| ] of an unduloid, 
/ = 71(211 — n), which is also an analytic coordinate on U, even at the cylinder (n = tt). 

The tangent space to U at an unduloid can be identified with the 6-dimensional linear space 
V of geometric Jacobi fields (see [ [T^ , p3|]). Thus V gives analytic local coordinates on W in a 
neighborhood of this unduloid. We shall pretend that V defines global analytic coordinates on U 
in what follows, but since checking analyticity is a local condition, this pretense only amounts to a 
mild abuse of notation. 

Using the asymptotics result [[141], one can construct [ |T5| ] a 6A;-dimensional linear space W of 
functions on any surface S G A^c,,fc which grow at each end of S like those in V. There are various 
ways to realize such a W — either as an orthogonal complement (in an appropriate Hilbert space) 
to the functions which decay on every end of S, or as a quotient space by such functions — but the 
salient point is that there is a linear isomorphism from W to V^, and thus a real analytic map from 
WtoW^ _ 

So in order to establish the proposition above, it would suffice to analytically embed M. into W, 
at least locally, in the natural way: at a CMC surface S, represent any nearby CMC surface in M 
via its asymptotic behavior, which is encoded by a point of W. One of the main results in [ |T5| ] is 
that this is possible when S is nondegenerate, that is, provided E supports no nontrivial L^-Jacobi 
fields. In this case all nearby CMC surfaces form an analytic manifold of dimension 3A; — half 
that of W — and M.g^k is (locally) a Lagrangian submanifold with respect to a natural symplectic 
structure defined [|T3p on W (or on V^, or even directly on W^). 

For the general case, a neighborhood of S in may no longer analytically embed in W, but it 
can still be embedded as a variety in a larger linear space W x /C where /C is a finite-dimensional 
linear space accounting for the L^-Jacobi fields on S (compare [[T5[]). Clearly the composition of 
analytic maps — inclusion of this variety in W x /C, projection to W, the linear isomorphism to 
V^, and finally, the analytic local coordinates map into U'^ — is the asymptotes map. □ 
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2. A PROPER CLASSIFYING MAP AND ITS CONSEQUENCES 

One can investigate the topology of Ai by studying maps with special properties from to 
other known spaces. As noted in the introduction, this is the method used to classify the triundu- 
loids: there is a homeomorphism ^ from A^o,3 to an open 3-ball, realized by the space of ordered 
triples of points on (up to rotations) However, this classifying map \& for the triunduloids 

requires the existence of a symmetry which is not necessarily present for CMC surfaces with four 
or more ends, and so we will introduce a more general classifying map here. 

We have already observed that the necksize map (si, . . . , s^) : M.g,k — ^ is real analytic. 
Now consider \hQ forgetful map cj) : Adg^k T^g,k which assigns the CMC surface S the conformal 
class [S] of its induced metric from M^. In other words, (p "forgets" everything but the underlying 
punctured Riemann surface. It is well known that the Riemann moduli space TZg,k can be given 
a real analytic structure in two (equivalent) ways, either in terms of finite-area hyperbolic metrics 
{6g — 6 + 2k real analytic Fenchel-Nielsen parameters) or in terms of holomorphic quadratic 
differentials with prescribed poles at the punctures {3g — 3 + k complex analytic local coordinates 
coming from the cotangent bundle to TZg^k)- Mazzeo, Pacard and Pollack [jFTp proved a nontrivial 
result in semilinear elliptic partial differential equations to show the analytic dependence of the 
unique conformal hyperbolic metric on S, and deduce that the forgetful map (p is real analytic. 
(Alternatively, one can exploit the Hopf differential for the Gauss map of a constant mean curvature 
surface to derive this result via holomorphic quadratic differentials.) 

While it is tempting to work with the forgetful map alone, there are at least two reasons 
why another map will be more suitable. First, in order to develop a degree theory, maps are 
generally required to be proper. Unfortunately itself is not proper: compare T^o.Sj which is 
a single point (and thus compact), to its preimage TWq.s under 0, which is an open (and thus 
noncompact) 3-ball. In general (p fails to be proper because a sequence of CMC surfaces diverges in 
A4 by having asymptotic necksizes tend to zero, while remaining in a compact family of conformal 
types. Second, the meromorphic data for the DPW representation can be geometrically interpreted 
in terms of flat connections on a rank-2 complex vector bundle over a punctured Riemann surface, 
with parabolic holonomy determined by a positive number at each of the punctures (compare 
[^|2^]). Both these considerations suggest replacing the Riemann moduli space with the parabolic 
moduli space Vg^k = T^g,k x 1^+ which assigns a positive real number to each puncture of [S], and 
defining the parabolic classifying map 

$ : Mg^k ^ Vg,k = TZg^k X 

to be the product of the forgetful map (p with the asymptotic necksize map (si , . . . ,Sk). Clearly $ 
is a real analytic map. 

The main result of this paper is the following: 

Theorem 2.1. The parabolic classifying map ^ : Ai ^ V is proper. 

Before giving a proof of this result (see the next section), we first point out several corollaries: 



6 



ROBERT B. KUSNER 



Corollary 2.2. The parabolic classifying map ^ : M. ^ V is closed. In fact, its image is a closed 
real analytic subvariety, which represents a (mod 2) homology class in V. The forgetful map (p 
also has closed image in TZ. 

Proof Since P is a compactly generated Hausdorff space, we can apply a lemma from general 
topology (see section 5) to show that any proper map to V is closed; in particular, $ has closed 
image ^{M.) C V. The homology class in V is carried by the image of $, or more precisely, by 
the proper (mod 2) cycle which is the push-forward via $ of the fundamental (mod 2) cycle of the 
real analytic variety M. (compare [Q, ^^). 



The forgetful map cj) is the composition of $ with the projection from V to IZ. Unfortunately, 
projection is generally not a closed map, so the proof that the image of is closed does not follow 
immediately from the fact that the image of $ is closed. Nevertheless, the analyticity (compare 
[|T7|]) of the forgetful map cj) suffices to show it has closed image. □ 



For the remainder of this section, assume that the genus g = The first observation is that 
every conformal type of punctured Riemann sphere is realized by a CMC surface. (Although this 
is also proven quite directly in [jTSj], historical reasons make it interesting to have this argument, 
based on ideas coming from the original construction of CMC surfaces [pT]].) 

Corollary 2.3. The forgetful map : A^o.fc — ^ "^o.fc is surjective. 

Proof. From the second part of the preceding corollary, it suffices to show that a dense set of 
conformal types is realized. Using a little linear algebra, it is not hard to see that, up to conformal 
transformations of any configuration of A; > 1 points ^i, . . . on§>^ can be balanced with 
positive weights: that is, regarding the as unit vectors in M"^, there exists a positive solution 
/i , . . . , /fc to the linear relation (force balancing) 

Mi + --- + fk^k = 0. 



For sufficiently small forces fj, the Kapouleas construction [ [TT| ] then gives a CMC surface S of 
genus zero with k ends asymptotic to unduloids whose jth axis is approximately in the direction 
and whose corresponding necksize is approximately fj. Because S is obtained by quasiconfor- 
mally attaching punctured disks (corresponding to the unduloid ends) at the boundaries of arbitrar- 
ily small disks about each ^j, its conformal structure [S] can be made to lie within any prescribed 
neighborhood of [S^ — {^i, . . . ,^k}] in TZo,k- □ 

It is quite easy to see that (p cannot be surjective for all g and k: when = 3 a CMC surface S 
must have a plane of reflection symmetry, so the Riemann surface [S] = (/>(S) must have a real 
conformal involution; this necessary condition, for example, allows only rectangular tori in A1i,3. 

Next, observe that any component of Aig,k containing a nondegenerate CMC surface is a real 
analytic variety of dimension 3A; — 6 [O, and this coincides with 6g — 6 + 3k — the dimension 



of 'Pg,k — precisely when the genus g = 0. This is perhaps a third reason to introduce V, since it 
leads to a degree theory: 

Corollary 2.4. For any component of Ai^^k containing a nondegenerate CMC surface, the re- 
striction of^ to N has a well-defined degree (modi). Moreover, this degree is zero. 
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Proof. Because the domain M and the range V have the same dimension, the ideas in 
let us define this degree as the number of pre-images (mod 2) for any regular value of $. The 
connectedness of V and properness of $ imply that the pre-images of any two regular values can 
be joined by a compact, 1-dimensional (semi-analytic) variety in A/", which necessarily has an even 
number of endpoints, so the numbers of pre-images agree (mod 2). Then the obvious upper bound 
on necksize by that of a cylinder shows that this (mod 2)-degree must vanish. □ 

In particular, it follows that genus zero CMC surfaces generically occur in what might — whimsi- 
cally and suggestively, considering the proximity of the anticipated neck or bulge phenomena (see 
[|p) to umbilic points on the surface — be called "innie" and "outie" pairs: 

Corollary 2.5. For any nondegenerate surface E e A^o.fc which is a regular point of^, there is a 
corresponding surface S' G M.o,k with the same conformal structure and necksizes. 

3. Proof of properness 

The proof that the parabolic classifying map $ : ^ P is proper relies on the a priori 
estimates for CMC surfaces developed in [[131], namely: 

• Any S G M.g,k lies in a uniform tubular neighborhood of a piecewise-linear graph with k 
rays and at most k + 3g — 3 segments; 

• A sequence of CMC surfaces, all of which lie in a compact family of uniform tubular 
neighborhoods, diverges in J^g^k provided the length of the shortest nontrivial loop on 
T.(i) tends to zero. 

A compact family of uniform tubular neighborhoods is characterized by requiring the lengths of all 
segments to be uniformly bounded above, although these lengths may go to zero, as may the angles 
between the rays or edges. For sequences of CMC surfaces lying in such a compact family 
of neighborhoods, uniform linear area and total curvature estimates [ [T3l ] still hold, and uniform 
pointwise curvature estimates also hold under the hypothesis that the are bounded away from 
zero (using blow-up arguments of the kind we outline below). 

The proof also depends on a description of divergent sequences of punctured Riemann surfaces 
in terms of the conformal moduli of certain nontrivial annuli. We say that an embedded annulus 
v4 on a punctured Riemann surface is essential (or nonperipheral) provided it is not homotopic to 
a single point of the surface, nor to a single puncture. Such an annulus then has a (necessarily 
finite) conformal modulus [A] = M E (1, oo) defined by conformally mapping A into C so that 
one boundary component goes to the unit circle, and the other goes to the circle of radius M. The 
basic fact which we will use is the following: 

• A sequence of punctured Riemann surfaces [S(z)] diverges in TZg^k provided there exist es- 
sential annuli A{i) C S(i) whose moduli [A{i)] = M{i) ^ oo as i ^ oo. 

Thus to prove that the classifying map $ is proper it will suffice to show that a divergent se- 
quence S(«) in M.g,k, whose asymptotic necksizes si{i), . . . , Sk{i) are uniformly bounded away 
from zero, must contain divergent essential annuli as above, implying $(S(z)) is divergent in Vg^- 

So suppose a sequence S(i) diverges in Ai, with all asymptotic necksizes Sj{i) > i > 0. Then 
we have two alternatives: 
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• L{i) —>■ oo, where L{i) is the length of the longest segment in the uniform tubular neighbor- 
hood containing an essential subannulus of or 

• 0, where is the length of some non-trivial closed curve, which is not homotopic 
to an end of 

In the first case, we use the Alexandrov symmetrization method [jTB], to show there is a sequence 
of essential annuli A(i) C having length comparable to L{i) on which they are approximately 
unduloidal; thus they have moduli [A(i)] growing like exp(L(i)) — > oo. 



In the second case, we make a blow-up argument (compare [|8|, |T3| [Tj]) to get a non-flat, finite 
total curvature minimal surface bounding an immersed 3-manifold. 

If this blow-up minimal surface is embedded, then its top and bottom ends are catenoidal. Sup- 
pose A is a punctured-disk representative of such an end. Then as i — oo, the end A is approx- 
imated by rescaled copies of annuli A(i) C with moduli [A(i)] [A] = oo. Since A is 
catenoidal, it has non-zero force (see ^ [13], ^^), as must the A{i), which implies they are ho- 
mologically nontrivial. And although the forces (and thus the necksizes) of the A(i) tend to zero, 
because we are assuming the necksizes of the ends of are bounded away from zero, it follows 
that the A(i) are not homotopic to any end of and so must be essential. 

If the blow-up minimal surface is only immersed, the argument is more subtle. If each of its 
ends is simple, then each end must be either catenoidal or planar. An application of the strong 
half-space theorem [|T^, using the immersed 3-manifold in place of M^, shows that not all ends 
can be planar, and so we get a catenoidal end, and a punctured-disk representative A, to use just as 
in the argument above. 

In case of a non-simple end, its winding number is at least two. Consider a representative A and 
its curve of intersection with a nearly flat cone in M'^, as well as the intersection of the cone with the 
immersed 3-manifold. Applying the Gauss-Bonnet formula to the latter shows that this curve of 
intersection cannot bound in the 3-manifold. It follows that the annuli A(i) C approximating 
A must have been homotopically nontrivial in the 3-manifold as well, and thus essential. This 
completes the proof of our main result. 

(The reader may find it amusing to apply this "cone trick" to decide whether a particular im- 
mersed surface extends to an immersed 3-manifold. Take, for example, the Enneper surface, a 
minimally immersed in M^; it has one end, which we orient to be asymptotically horizontal, of 
winding number 3. In general, the inclusion of the bounding minimal surface into the 3-manifold 
induces an epimorphism on fundamental groups, so if Enneper bounds at all, it must bound an 
immersed 3-ball with one boundary puncture. Consider the intersection of this immersed 3-ball 
with a nearly horizontal cone whose vertex lies well "above" the Enneper surface. It gives a nearly 
flat planar domain with one boundary component, that is, a 2-disk. Applying the Gauss-Bonnet 
formula to this 2-disk implies that its boundary winds once, not thrice, a contradiction. So Enneper 
is not immersed in the sense of Alexandrov.) 



4. Some open problems 



To conclude, it may be interesting to contemplate the following (open) problems which are 
related to the results above: 
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What is the image of the parabolic classifying map $ in V, or its intersection with a slice 
of fixed conformal type? In other words, how does the set of allowable necksizes depend 
on the underlying punctured Riemann surface? For (7 = and A; = 3 there is only one 
conformal type, so these questions coincide: the image of $ is known to be the simplex 
determined by the spherical triangle inequalities for the necksizes of a triunduloid [|[]. The 
general case seems closely related to the Biswas inequalities [|], ^ which arise in the study 
of flat connections on parabolic vector bundles. 

Is the cardinality of finite, and is 2l^*^^)l an upper bound? The absolute value of the 

Euler characteristic | = 2g — 2 + k h the number of trousers in a decomposition of S, 
so the possible choices of "innie" or "outie" configurations at each of the trousers saturates 
this bound. Again, for (7 = and A; = 3 we have |x(S)| = 1^ and this bound is sharp [^: $ 
is two-to-one, except at the maximal necksize "fold" where it is one-to-one. 
Is M. connected? And, at least on some connected component of M., how far from an iso- 
morphism is the homomorphism on fundamental groups induced by $ (or, equivalently, by 
0)? In case (7 = it follows from and [^2p (or more directly from [jFTp) that, on what is 



presumably the only component — the one containing the coplanar CMC surfaces [|^] — of 
Aio^k, this is an epimorphism for any k. 

Does M. carry a complete metric of nonpositive curvature, in some suitable sense, and is it 
thus an Eilenberg-MacLane K{tx, l)-space? The identification of A^o,3 with the (hyperbolic) 
3-ball in ^ is very suggestive, but it is not clear where to find a metric (hyperbolic or oth- 
erwise) directly from the CMC geometry, even in this special case. Note that Vg± does carry 
such a metric, and is a -^'(vr, 1) with vr = 'ni{TZg^k), which when = is a (colored) braid 
group. 

Can one construct a properly (Alexandrov) embedded minimal surface of finite topology 
which is degenerate (in the sense of [ITR |1^), either explicitly, or by global methods on min- 



imal surface moduli space (for instance, might one exhibit a classifying map whose critical 
points must be degenerate minimal surfaces, and which is forced to have a critical point via 
Morse theory)? And if one works L^-orthogonal to the extra Jacobi fields, can one glue un- 
duloids to the ends of the minimal surface to get a degenerate CMC surface in A^? There exist 
minimal surfaces with all ends planar which are degenerate, but these are not immersed in 
the sense of Alexandrov; similar comments apply to the immersed constant mean curvature 



tori constructed by Wente [ p5| ] and classified by Pinkall and Sterling [|21|]. 
• Is there a computable way to detect when an immersed surface in R'^ is immersed in the sense 
of Alexandrov? As we have noted above, the trick of intersecting with (almost) flat surfaces, 
such as cones, and applying Gauss-Bonnet seems to do the job for "nice" surfaces, but it 
would be interesting to have a general obstruction theory for this purely differential topology 
problem. 
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